have long been known to satisfy a "Kiinneth formula." On the other hand, little is known about the homotopy groups of X * Y. There is a bilinear pairing (a, B)->a * B of iTp(X) with irq( Y) to irp+q+i(X * Y); a * 8 is called the join of a and B. If Y=Sn is an w-sphere and i generates ir"( Y), then it follows from the Freudenthal suspension theorem that the map ct->a * i is, for small p, an isomorphism of tp(X) with ttp+"+i(X * Y). Thus, in low dimensions, the homotopy groups of X * Sn are generated by the joins of the homotopy groups of the factors.
In this paper we consider the homotopy groups of the join of X with an arbitrary 1-connected CW-complex Y. There is a spectral sequence whose initial term is, in low dimensions, the homology group(l) of F with coefficients in the homotopy group(1) of X and whose final term is the graded group of the homotopy group of X * Y with respect to a suitable filtration. As a consequence, the homotopy groups of X * Y, even in low dimensions, are not, in general, generated by the joins of the homotopy groups of the factors. A further consequence is a new proof of the symmetry of the stable EilenbergMacLane groups, which was first proved by H. Cartan [4] .
These results can be used to study the homotopy groups of the union X\/ Y of two spaces X and Y with a single point in common. The space X\/Y can be naturally imbedded in XX Y and we have a natural isomorphism TT"(X V F) « lCn(X) © Tn(Y) © X^ifX X F, X V F). Now there is a homomorphism of 7rB+i(XX Y, XV F) into irn+2(X * Y), which is an isomorphism in low dimensions. Thus we can apply the above results on the homotopy groups of X * Y. In particular, the group 7rn+i(XX F, XV F) is not in general generated by "generalized Whitehead products" of elements of the homotopy groups of X and F, even in low dimensions.
In a recent paper [0] M. G. Barratt and J. H. C. Whitehead have introduced an exact couple for an arbitrary CW-triad. This exact couple, in the special case of the triad (XV F; X, F), seems to be closely related to the one we have introduced here. However, our results do not seem to follow W by identifying each xEX with all of the points (x, y, 0) and each yE Y with all of the points (x, y, 1). The identification map sends X and Y homeomorphically into X * Y; hence we may consider X and Y as subspaces of X * Y. Let (1 -i)x®ty be the image of (x, y, t) in X * Y.
The join operation is easily seen to be commutative (up to a natural homeomorphism).
The join of X with the empty set 0 is X.
Let f:X-*X', g: Y-rY' be maps. The join of f and g is the map Note that the join of the inclusion map of 0 into X' with any map g\ Y-*Y' is the composition of g with the inclusion map of Y' into X' * Y'.
Let P be a fixed space consisting of a single point p. The cone over X is the join X = X *P. Let A be a closed subspace of X; then the quotient space Of X by A is the subspace X-i-A =XVJA of X. The following properties are easily verified: (2.1) X is contractible; (2.
2) The triad (X+A ; X, A) is proper.
Let P' be a fixed space consisting of two points p+, p-The suspension S(X) of X is the join X * P'. Note that S(X) =X+^JX-, where X± = X* p+, while X+C\X-= X. Thus S(X) is the union of two contractible spaces whose intersection is X. It is easy to see that the triad (S(X); X+, X-) is proper. The group 8p(X)®Hg(Y, A) has a natural imbedding }n Hp+q+2(S(X) ( 2) This fact does not seem to be stated explicitly in the literature, but is not difficult to deduce from Milnor's proof [13] of the "Runneth theorem" for the homology groups of the join. The author is indebted to Milnor for the opportunity of reading his manuscript.
® [S(Y)/S(A)]);
hence a induces a monomorphism of Hp(X)®Hq (Y,  A) into Hp+t+x(X*Y, X*A). If uEHp(X), vEHq(Y, A), we define u*v to be the image of u®v under the monomorphism. Let (S, a, a) be an oriented ^-sphere (i.e., 5 is a ^-sphere, aES, and a is a generator of HP(S)) and let (£, b, t) be an oriented g-cell (i.e. £ is a g-cell, 6 is a point of the boundary E of £, and e is a generator of Hq(E, E)). It is well known that S*E is a (£+<7+l)-cell with boundary S* E; it follows from (2.1) that a*t is a generator of /f"p+3+i ( The proof of this fact is routine, and is left to the reader. 3. The spaces L(II, n). Let II be an abelian group, n an integer =2. Then there is a CW-complex L such that
Any two such complexes have the same homotopy type. By 1,(11, n) we shall mean a CW-complex L satisfying the above conditions, together with a fixed isomorphism between tth(L) and II. We may therefore identify the (isomorphic) groups wn(L) and H"(L) with II. If 0:11-*G is a homomorphism, then there is a map/:Z,(II, n)-*L(G, n) such that the induced homomorphism f*:HH(L(Il, n))^>Hn(L(G, nc) is equal to <p. However, the homotopy class off may not be uniquely determined by <f>; it is unique if II and G are free. If II is free, we may take £(11, n) to be a cluster of spheres; in particular, we may take L(Z, n) =Sn.
The above facts follow from the work of Eilenberg [5; 6] ; the spaces L(U, n) have been studied by Moore [15] and more recently by Peterson [16] .
Theorem 3.1. Let X bean (m -l)-connected space (m^2), H a free abelian group, «^2. Then the homomorphism <p:irq(X) ® n->7r9+n+1(X»Z,(n, »)), induced by the join operation is an isomorphism for q^2m -2, and an epimorphism for q = 2m -l.
Proof. We may assume the Z. = L(II, n) is a cluster of w-spheres; i.e., L = Ua Sa, where each Sa is an n-sphere and a^B implies Sar}Sp = r\ySy is a single point y0. If II has rank 1, then X * Lis the (w + l)-fold suspension of X and the theorem follows by iteration from a known generalization of the Freudenthal suspension theorem(3). Suppose that II has finite rank; then (X* Sa)r}(X * Sp) is the contractible set X*yo; since X*Sa is (w+«)-connected, our result follows immediately by induction from the statement: / is well-defined, and therefore continuous, since X * Y has the identification topology; furthermore, /is 1:1. Let ir:XXL^>L be the projection on the second factor. Then ir(f(K)) is a compact subset of L, and £ is a CW-complex [19, (F)]. Hence there is a finite subcomplexZi of L such that ir(f(K))CLi.
Hence f(K)CXXLx, and it follows easily that KCX*Lt. 4 . Homotopy resolutions of a pair. Let (X, A) be a pair, x0EA ; x0 will be the base point for all homotopy groups mentioned in this section. For simplicity, we assume that (X, A) is 1-connected. A homotopy resolution of (X, A) is a sequence {a7'"|« = 0, +1, +2, • • • } of subspaces of X such that (1) ACXnCXn+xfovalln;
(2) (Xn+x, Xn) is 1-connected;
(3) for each q, irq(X", A) =0 for n sufficiently small; (4) for each q, irq(X, Xn) =0 for n sufficiently large. Let {Xn} be a homotopy resolution of (X, A). We define an exact couple where i, »' are injections, and <p', <j>" are also induced by the join operation. Because of (2.7), the diagram is commutative. , and therefore i is an isomorphism provided thatm+«+£ + g + 2^2w + 2w+p + l, i.e. q^m+n -l.
On the other hand, by Theorem 3.1, <f>" is an isomorphism for q^m -2 and an epimorphism for q = m -1. Since 1(8) a, l<8>/3, and *' are always isomorphisms, our conclusion follows from the commutativity of the diagram. We summarize the results implied by the above discussion in Then there is a spectral sequence {E'} such that
E^qz*Bn+P(Y; irm+g(X)) for q^m -2 and £°° is the graded group S(X* Y) of s.r 7Tr(X * F) with respect to a suitable filtration.
6. The groups An(II; G). Eilenberg and MacLane [7] have introduced the groups Hq(H, n; G); they are the homology groups, with coefficients in G, of [September any space K(H, n) such that
They have also shown [8] that the groups -ff5(II, n; G) satisfy a suspension theorem; there is a natural homomorphism a:Hq(Tl, n; G)^>Hq+x(H, n + 1; G) which is an isomorphism for q^2n -1. Thus, for each k, the groups Hn+k(U, n; G) are constant for n sufficiently large"; we denote this "stable" group by Ak(U; G).
In his investigation of the Eilenberg-MacLane groups, H. Cartan [4] has shown that the groups Ak(Tl; G) satisfy a "symmetry relation" Ak(U;G) ~Ak(G;U).
We now show that this symmetry relation is a consequence of the results of §5. since X * Y is homeomorphic with Y * X.
7. Homotopy groups of the union of two spaces with a point in common.
Each space X considered in this section will be l-connected and will have a distinguished base point x0. In order to justify our use below of the Kunneth theorem for homology groups of pairs, we assume that {xo} is a strong neighborhood deformation retract of X.
Let XV F be the subset XXyo^oX Proof. The sets X*y0 and x0 * Y, as well as their intersection x0*yo, are contractible.
Since x0 is a strong neighborhood deformation retract of X, it follows that xo * yo is a strong neighborhood deformation retract of X * y0. Our result now follows from (3.2). where ix, ii, is, ii are injections (note that i2 and it are isomorphisms), and £, £1, £2 are Freudenthal suspensions.
By [14, Corollary 3 .3], ix is an isomorphism for r^s + t and is onto for r = s+/ + l. Since (SZ, SC) is (s + 1)-connected and SC is (/+l)-connected, we see in the same way that iz is an isomorphism for r^s + t + 2. On the other hand, Z-i-C is s-connected and hence £2 is an isomorphism for r^2s.
